BOUNDARY VALUE PROBLEM OF A NON-STATIONARY STOKES 
SYSTEM IN A BOUNDED SMOOTH CYLINDER 

TONGKEUN CHANG AND BUM JA JIN 

Abstract. In this paper, we intend to study the boundary value problem of the non- 
'»^' ' stationary Stokes system in a bounded smooth cylinder Q x (0,T). As a first step, we 

consider the problem in half-plane cylinder R" x (0, T), <T < oo. We extend the result 
("^ ■ of Solonnikov|18) to data in weaker function spaces than the one considered in |18) . 
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1. Introduction 



Let be a n-dimensional bounded C^ domain for n > 3. Let us consider the boundary 
n , ' I value problem of a non-stationary Stokes system— in other words, a non-stationary hnearized 

"^ I system of Navier-Stokes equations— in a cyHndrical domain Q x (0, T). For a given initial 

'^ . data / = (/i, • • • , /„) and a given boundary data g = {gi, ■ ■ ■ ,gn), find a unknown vector 

field u = («i, • • • , Un) and a unknown function p satisfying the system of equations 

ut-Au + Vp = mnx{0,T), 

divu = mnx(0,T), 

>■ , (1-1) 

0\ ■ u\t=o = f mi}, 

in : ^f|oQx(o,T) =9 on (90 X (0, T). 

^ ; Here, Vp = (^, • • • , ^), div u = Yli<j<n alj ^-^^ A is the Laplacian. 

~^ I The system (jl.ip has been studied by many mathematicians. Among them, Solonnikov|18] 

showed that the system (jl.ip has a unique solution satisfying 

^5: <c(r)(ii/ii ,_a +ii5ii .-i..-^ +iiff.iu-i.. ). ^^-^^ 

Here, (7,/ denotes the component of g in the direction of the unit outward normal vector u. 
The anisotropic Besov spaces Bp"^ {dQ x (0, T)), Bp'^ ^'' {dQ x (0, T)), and other function 
spaces are introduced in section [2l By making use of the estimates of the Green matrix in 
M" , it is shown that the solution of the non-stationary Stokes system (jl.ip in M" x (0, cxo) 
satisfies the estimate 

\\DxU\\lp{R+x{0,oo) + I|A^||lp{]R+x(0,oo)) 



^ c( 11/11 2_2 + ll^fll 2-i l-J- + Wdn 

\ B P(Wl) Sp V '^P{M.r^~ix{ld,oo)) "t3p P"(R"-ix(0,oo)) 
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(1.3) 



and then, using flatness near the boundary, the estimate (jl.2p has been obtained for the 
solution of the Stokes system (jl.ip in a smooth bounded cylinder il. x (0,T). 

The aim of this paper is to extend the result of Solonnikov[18j to data in Besov spaces 
{f,g) G Bp~^{n) X Sp'^(90 X (0,r)), < a < 1, which is weaker than Sp~'^(0) x 

sl'^'^'^idnx (o,r)). 

The system p.ip can be decomposed into the following two systems: 

vt- Av + Vn = mnx{0,T), 

divv = inOx(0,r), 

v\t=o = f in r2, 

v\dnx{o,T)=0 ondnx{0,T). 

and 

ut-Au + Vp = mnx{0,T), 

divu = mnx{0,T), 

u\t=o = in fi, 

u\dnxio,T) =9 on 50 X (0,r). 

The system (jl.3p has been studied in various function spaces as a basis of the study of 
Navier-Stokes system. Indeed, there are many results on an initial boundary value problem 
of a non-stationary Stokes system with no slip boundary condition (see [1], |llj . |16j . |20j 
and references therein). 

In this paper, we consider the solvability of (II. 4p . The solvability of Stokes system (II. 4p 
can lead directly to the solvability of the original Stokes system (|l.ip . Our result on the 
system (|1.4p could be applied for the study of a boundary value problem of a non-stationary 
Navier-Stokes system with non-zero boundary data. The following is our main result. 



(1.4) 



Theorem 1.1. Let 1 < p < oo and < a < 1. Let g = {g',gn) = (^ir'' ,9n~ii9n) S 
Bp'^°(IR"-i X (0,r)) withgn G Bp''"'^^(M"-i x (0,r)). Let us also assume g{x' ,0) = for 
x' G M'"~^ when a > -. Then there is a solution of the Stokes system (|1.4p . Q is replaced 
by Wt, with boundary data g such that 



\u\\ „j.ll„j_l <C(T)( llgll a a + Iknll „ "a. 1 )• (1-5) 



This result is optimal in the sense that the restrictions over M" ""^ x M of the func- 

i InJ-J- 1 

tions contained in B^' "'^ "'^ (M" x M) are in i3o'^"(]R"^i x R) and \\u\ „ i„ < 



1 1^^ 1 (see [6]). 



jp 



To obtain estimates of solutions of system (|1.4p in a smooth bounded cylinder x (0, T), 
we flatten the boundary and make use of estimates for the solutions of the system ()1.4p in 
M" X (0,T). Then we can extend Theorem 11.11 to the Stokes flow in any smooth bounded 
cylinder. 



Corollary 1.2. Let i^ be a bounded C'^-domain in M", 1 < p < cx), and < a < 1. Let 

g G Bp'^'^'idQ X (0,r)) with g^ G Bp'^""^^ {dn x (0,r)) and fQ^g^{P,t)dP = for all 
< t < T. Let us also assume g{P,0) = for P € dO, when a > -. Then there is a 
solution of (jl.4p with boundary data g such that 

\\u\\ „j_l 1„, 1 <c(r)(||(7|| ^Q + Ikl/ll „a4_l )• (1-6) 

" "Br^''"+^(f7x(0,T)) - ^ ^"^"b;'^(9Cx(0,T)) "^""B;'^ + ^(af7x(0,T))/ ^ ' 

S. Hofmann, K. Nystrom[T2], and Z. Shen[17| have also considered Stokes system (jl.4p in 
M" X M and bounded Lipschitz cylinder VL x (0,T), respectively. By single layer and double 
layer potentials of the Stokes system, S. Hofmann and K. Nystrom|12] showed 

/ Xn\L)xU\ dxdt < c\\g\\j^2(wn.-iy^^\, 

I [Xn\Dlu\^ + Xn\Dtu\^]dxdt < c[\\gf I + / II < ^'" > llR-imn-M 

JwixR^ ' ^ B2''(M"-ixR) Jr Ot «2 l«« ) 

Their results are compared with our results, that is, theorem 16.11 in section [6l 
When fi is bounded Lipschitz cylinder in M""^^, Z. Shen[T7] showed 



W\\L-^{av,{Q,T)) < c(T)||sr||i2(9Qx(0,T)) (1-7) 



and 



||(-C'a,n)*||i2(gQx{0,r)) + ll(A^^)*llL2(anx{0,T)) + ll'"*llL2(gnx{0,T)) 

< c(T) f ||c/|| , 1 +(/ II < T?,n> ||?,-i,„„,)5y (1.8) 

Here u* denotes the non-tangential limit of u. 

We are not sure that the solutions satisfying ()1.7p and (jl.Sp are in Besov spaces B'^^iS^^ 
(0,T)) and B^^iS^ x (0, T)), respectively, since for the non-stationary Stokes system it is 
still open problem whether the L? norm of a non-tangential limit of the solution is equivalent 
to an area integral of the solution. 

On the other hand, for the solutions of a elliptic equation, a parabolic equation, and the 
stationary Stokes system it is well known that the L? norms of a non-tangential limit of 
the solutions are equivalent to the area integrals of the solutions (see [8] , [9] on the elliptic 
equation, see [2] on the parabolic equation, and see [5] for the stationary Stokes system). 



4 TONGKEUN CHANG AND BUM JA JIN 

We organized the paper in the foUowing way. In section [2l we introduce the anisotropic 
function spaces. In section [3l we see that without loss of generaUty we can assume the 
boundary data Qn = and then represent the solution of stokes system in M" x (0, oo) by 
some integral formula. In section [4] we study the embedding properties of the functions in 
weighted Sobolev spaces into anisotropic spaces and we introduce on the atomic decompo- 
sition of the functions in anisotropic spaces. In section [5l we derive pointwise estimates of 
the solution of the Stokes system (|1.4p in M" x (0, oo) when the boundary data g = {g' , 0) 
is given by an atom. In section [6l we show that the solution of the Stokes system ()1.4p 
in M" X (0, oo) is in some weighted Sobolev spaces in M" x (0, oo) using the estimates of 
section [5] when the boundary data is in the proper anisotropic space. In section [7] we derive 
the estimates as in Theorem 11.11 for the boundary data g = {g',0). Theorem ll.il for any 
boundary data g = {g' ,gn) will be proved combining the result of Theorem 17. II in section[7] 
and Proposition 13.11 in section [3l 



2. Besov spaces and Anisotropic Besov spaces 

We denote x = {x',Xn) G W^ for x' G M"-^ and denote DllD^ojjp = g.gl^ for 
multi index lo,ko, rriQ. Throughout this paper we denote by c various generic constants and 
by c(*, • • • , *) the constants depending only on the quantities appearing in the subindex. 

Let Vt be M" or a bounded domain. For 1 < p < oo and < q, the Besov space B^{VL) 
is set of functions satisfying 

\k\ = [a] 

II ^11 inW ^ M , Y- iD^x) - D^u{y)\ 

ll/llBS,(n) =sup|L»i,'n(x)| + sup > ■ —^ < oo, p = oo. 

Here [a] denotes the largest integer less than a and Wp {^) is the usual Sobolev space in 

n. 

For interval such as / = (0, T), (0, oo) or M, Bp{I) is defined similarly for 1 < p < oo and 
a > 0. 

For < a < 2 and < /3 < 2, we define the anisotropic Besov spaces Bp {^ x /) by the 
Banach spaces 



B^'^in xi) = LP{i;B'^in))nLP{n;B^ii)) (2.1) 



with norm 

ll^llB-''(nx7) ■= I \\<M'B^in)di + ^ \H^, •)ll^,^(/)^^ for 1 < p < oo, 

It is well known theory that the usual Besov spaces are real interpolation spaces of Sobolev 
spaces: 

^ = / iWpi^)^LP{n))i^a,p if < a < 1, 

p^ '~\ {w^{n), w^in))2-a,p if i< a < 2. 

#(/) = {W^{I),LP{I)\_.^^j^ if < a < 2, 
for 1 < p < oo (see Proposition 2.17 in [H]). It is also well-known that for 1 < p < oo 

^^ ^( {Lni;W,l{n)),LP{i;LP{n)))i^^,p if o < « < i, 

^'^ "\ (LP(/;I^p2(5^))^^P(j.^i(5^)))2_^^^ if l<a<2 (2.2) 

LP{n;Bt{I)) = {LnQ;W^{I)),LP{Q;LP{I))\^i^^p 
(see Comment 5.8.6 in [3]). 

3. Solution formula of the Stokes system in M" x (0, oo) 

Let g G C~(M"-i x (0,oo)). We decompose g hy g = g^ + g^ = {Rgn,gn) + {g'-Rgn,0), 
where R = (i?i, R2, • • • , Rn-i) is Riesz transform. Let 

(j)[x, t) = -UJn / E{x - y, Xn)gn{y', t)dy' , 



where £' is a fundamental solution of Laplace equation. Then, (V(^, —(pt) satisfies the 
Stokes system (jl.4p for U = R" with boundary data g^. The following estimate is well 
known property of the singular integral operator (see |19j). 



Proposition 3.1. Let 1 < p < 00 and q > 0. Then there is a positive constant c such that 

ll^'^ll <^+if+^ <<T)\\gn\\ .,.+ 1 ^ 

for < T < 00 . 



Let {u,p) be the solution of the Stokes system (II. 4p in Jl = M" with boundary data g^. 
Then, (Vcp + u, —(j)t + p) satisfies the Stokes system (II. 4p with boundary data g. Hence, 
to prove theorem 11.11 we have only to consider the Stokes system (|1.4p with the boundary 
data g'^. Note that g'^ = 0. 
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From now on, without loss of generality, we assume Qn = 0. The solution {u,p) of the 
Stokes system ()1.4p with boundary data g with g„, = is represented by 



where 



and 



u'{x, t) = Y^j^l /q /jg„_i Kij{x' - y', Xn, t - s)gj{y', s)dy'ds, 
Vi^i t) = Ej=i /o /r"-i ^i(^' - y'' ^n, t - s)gj{y', s)dy'ds, 

Kij{x,t) = -26ijD^^r{x,t) + AGij{x,t) 
7r,{x,t) = -26{t)^:^:^E{x) + A^A{x,t)+4^^4rM^,t), 



(3.1) 



dxjdxn dx"^ ' dtdxj 

where T and E are the fundamental solutions of the heat equation and Laplace equation, 
respectively, and 

Gi,ix,t) = D,^ I " / D,j:{z,t)D,^E{x - z)dz, 

Jo JR"-l 

A{x, t)= T{z', 0, t)E{x' - z', Xn)dz'. 

Gij and A satisfy the estimates 

l^^o D':W?°GiAx,t)\ < -, ^-^ —, (3.2) 

' "" " * '^ ^'"i-0+i(|x|2+t)l"+5'=°(x2+i)l'o' ^ ^ 

\DiDrAix,t)\ < " „_,^,, , (3.3) 

where 1 < i < n and 1 < j < n — 1 (see [15] and |18j). The estimates (13. 2p of Gy and the 
estimate of Gaussian kernel T imply that 

\Dl° D'l°D'r°KiJx,t)\< -, ^-^ —. (3.4) 

4. Preliminary theories 
4.1. Estimates weighted Sobolev spaces in Anisotropic spaces. 

Lemma 4.1. Let < a < 1 and 1 <p <oo. Let u £ G°°{Wl x (0,oo)). Then 



I IIP 

\u\r 1 



< c/ /Rif x(o,oo)(^n A t^r~P»[\D,u\P + |n|P) 

(4.1) 
+ (xn/\t2)^P-'P<^(\u\P + \Dtu\p)dxdt. 



Bp'^ {R"x(0,oo)) 



Here, a Ab = min{a, b}. 

Proof. By the property of real interpolation ()2.2P ]^. we note that 

II'"IIlp({o,oo):B^{R!;:)) 
<inf 



Jo IN "/('5)llLP((0,oo);M/pl(K+))^ ^*j ^ \J0 H^ "/ (*) IIlp((0,oo);Lp(IR'^)) 



.s-idsT 



1 . 



where infimum is taken by / : [0, oo) -^ LP{{0, oo); W^(M.I)) + LP{{0, oo); LP(RI)) satisfying 
/(O) = u (see Theorem 3.12.2 in [3]). Define f{s) = u{x',Xn + s,t + s^). Then /(O) = u, 
and hence 

/■oo /"OO poo /"OO 

II^IIlp((0,oo);S^(M!^)) - / / 11^ ■^(^)llw'pi(R!^)* dtds+ / ||s / (^) IIlp(I8!^)^ '^^'^'^ 

<c/ / / sP-P'^-^(\u{x',Xn + S,t + S^)\P + \D^uix',Xn + S,t + s'^)\P 

Jo Jo Jr^ ^ 

+ s^\Dtu{x', Xn + s,t + s'^)\n dxdtds. 

Changing variables and exchanging the order of integrations, the right hand side of the 

above last inequality is less than 

1 1 

/ / [\u{x,t)\P ^\B^u(x,t)\P] / sP-'^P-^ds^\Dtu{x,t)\P[ / s'^P-'^P-^ds\dxdt. 

Jo Jwi ^ 'Jo ^ Jo ' 

Since p — pa > 0, the above is dominated by 

/ {Xr, A t^)P-P" [\D^u{x, t)\P + \u{x, t)\P + [Xn A t^)P|L'^n(x, t)|) dxdt. 
Jw\_ ^ ^ 

Next, we define ^(s) = n(x', x^ + s2 , t + s). Then, 5^(0) = u and by the property of real 
interpolation (12.2^ 2- we have 

LP[Rl;Br{0,oo)) Jo JrI ^ Wp(^'°°) ^ IU.°°J y 

oo roo r , 

2MP 



/■OO /"OO /■ , 

JO JO Jr\ ^ 

+ S2~^ |Z?2,„w(3; ,3;„ + s,t + s^\Pdxdids. 



Changing variables and exchanging the order of integrations, the right hand side of the 
above last inequality is less than 

/I fx At rx At 

/ (\u{x,t)\P + \Dtu{x,t)\p) l^ sP-^-^ds + \D,^^u{x,t)\p( I s2-^~^ds)dxdt 
Jr'i ^ ^ Jo ^ Jo ^ 

<c [ I {xn M^f ''-'"' (\Dtu{x,t)\P + \u{x,t)\P + {xn M\Y^\D.^^u{x,t)\)dxdt. 
Jo Jwi ^ ' 

D 
Lemma 4.2. Lei\ < a <2 and\ <])< oo. Lei u ^ C°°(M" x (0,oo)). Then 



\u 



\,^ <c {xnAt'2fP"^''(\Dlu\P + \D,u\P + \u\P + \Dtu\P 

Bp'2"(R" x(0,oo)) J JE"x(0,oo) ^ 



+ {xn A t5)3p-P"(^|Au|P + \D,Dtu\P + \D,u\Pyxdt. (4.2) 
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Proof. As in the proof of Lemma |4.H we define f{s) = u{x, Xn + s,t + s^). Then /(O) = u, 
and by the property of real interpolation (j2.2p ^. we have 



I IIP 
I"'IIlp({o,oo);B^(M!;:)) 



oo />oo 

2-Q ff^WlP 



< 



/■cxD /'OO r 

JO Jo Jri 

+ sP(\Dtu{x', Xn + s,t + s^)|^ + \D^Dtu{x', Xn + s,t + s'^)\A dxdtds . 



By changing variables and exchanging the order of integration, the right hand side of the 
above last inequality is less than 



\Dlu\P + \D^u\P + \u\n / s2p-P°-ids 

:x(o,oo) ^ ^ Jo 



1 



1 

Xnf\t"2 



+ M A-^r + 1 AA^r) ( / s^^-'p'^-^dsUxdt 

<c f f {xr,At^fP-P"(\Dlu\P + \D^u\P + \u\P 

J Jr1x(0,oo) ^ 

+ {xnAt^fP-P''(\Dtu\P + \D^Dtu\p)dxdt. 



Next, we define g{s) = u{x',Xn + S2,t + s) — s2Dx„u{x',Xn + s'^ ,t + s). Then by the 
property of real interpolation (j2.2P o. we have 



u 



IP 



oo /■ . /"OO 



1. </ / (p'"^5(«)irvi^M0oo)«~'+/ P^-V(s)ir^.(ooo)«"')^^^^- 

LP(Rl;Br{0,oo)) Jo Jri ^ ^^p l^.oo; j^ L ^u,oo; y 

(4.3) 



The first integration term of the right-hand side of (|4.3p is dominated by 

/*00 /'OO /* 

Jo Jo Jw\ ^ ^ 

+ s^--f^-i M A„ A^f(a;', Xn + s2 , t + s)|P + | A„ii(a;', x,i + s^, t + s)|p jdxdtds 

<c r [ {xn At"2)P(^~''U\Dtu{x,t)\P + \uix,t)\p) 
Jo Jr^ ^ ^ 

+ (x„At5)(3-")p(|D,^n(x,t)|P+|A„Aw(x,t)r)cixdt. 



To estimate the second integration term on the right-hand side of (|4.3p . we note that 
g\s) = DfU + ^D'^^u — S2 Dx,^Dtu. By the same reasoning as for the estimate of the first 



term, the second term is dominated by 

(X„, A ti)P(2-") (\Dt{x, t)\P + \Dlu{x, t)\P) + {Xn A t3)(3-«)P|£)^I)^u(2;, t)\dxdt. 



D 

4.2. Atom decomposition of the functions in the anisotropic Besov spaces. Now, 

we introduce atomic decomposition of functions in anisotropic space (see [1] for the reference 
and see also [H] for atomic decomposition of functions in Besov spaces) . 

Definition 4.3 (Definition 5.2 in [3]). Let a > and 1 < p < cxo. An {a,p)-atom is a 
function in W^~^ x M satisfying 

\a\ <r p , \Dxia\ < r p , \Dta\ < r p , supp a C A(yo, r) x (to, ^o + ^ ) 

(4.4) 

for some r > and {yQ,to) G M""^ x M., where A{yQ,r) = {y' G M"~^ | j^q — y'\ < r}. 

Proposition 4.4 (Theorem 5.10 in [3]). Leta > and I < p < oo and g G Bp'^"{W^~^xR). 

Then there are sequences {ak}i<k<oo oind {cfc}i<fc<oo of atoms and real numbers such that 
9 = Y1 Ckak and 

5. POINTWISE ESTIMATES OF SOLUTION IN M" X (0, Oo) 

In this section, we would like to derive pointwise estimates of solution of the Stokes system 
(fLJD with boundary data g = {g',0) G ^"'^"(R'^-i x R), for 1 < p < oo and < q < 1 (by 
the reasoning in section O we may assume gn = 0). From Proposition 14.41 without loss of 
generality, we assume that the component functions g'/,, 1 < k < n — 1 of g = {g' ,0) consist 
of (a,p)-atoms. For simplicity, assume g'f^ = aS^j for fixed 1 < j < n — 1, where a is an 
{a,p)- atom such that supp a C A(0, r) x (0, r^). By (|3.ip . the solution u = (ui, • • • ,u„) of 
(jl.4|) is represented by 

u^{x,t) = / / Kij{x' — y' ,Xn,t — s)a{y' ,s)dy'ds, 1 < i < n. (5.1) 

Jo JR"-i 

Lemma 5.1. Let t > {2rf. Then 
\D^lDl^D'ru{x,t)\ 

< c I (5.2) 

r"-— +"+lt-i-™o(4 + t) §-^ i/|x'| < 2r. 
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Proof. Note that for 1 < i < n, we have 

D'ilD'^^Wru^x, t)= f [ D'^D^JD^l'^Kijix' - y' , x„, t - s)a{y' , s)dy'ds. (5.3) 

JO JR"-i 

Since t > (2r)^, from the estimate ()3.4p of Kij and ()4.4p . we have 

\D[lD^?Dru\x,t)\ 

2 

Kcr""^ r [ {t-s)-^-'^'>{\x' -y'\^+xl + t-s)-^-^{xl + t-s)-'-^dy'ds 
Jo J\y'\<r 

.2 

Kcr"-"^ r f t-^-"'''{\x'-y'\^ + xl + t)-^-^{xl + t)-'-idy'ds. (5.4) 

Jo J\y'\<r 

Note that for 9\ > ^^^, we have 



r"~i(|rc'|2+rc2 +t)-^i, if |x'| > 2r 



Taking 6i = "•"^'" > -^^^ in (15. 5p and applying to the right hand side of (15. 4p . we obtain 
the estimate (15.21). D 



Lemma 5.2. Zei t < {2rf. 

(1) If\x'\ < 2r and x^ < t, then 

\DtD'jDru{x,t)\<\ „,, (5.6) 

( cr"" — "'"" ln(l + ^) /or A:o + /q = 0. 

f^; // \x'\ < 2r and x\ > t, then 

\DllD'^?D'^°uix,t)\ <cr"-T-2-o^-(fco+«o+i)i|_ (5,7) 

(3) If \x'\ > 2r and x\ < t, then 

\Di°^D'jDru{x,t)\ 

( cr"-^-2^o+"-i(|:,'|2 + 4)^^ ln(l + -^) for k = 1, 
< < " (5.8) 

\ cr V "^ [\^x'\^ + xf^) 2 (x^+i) 2 forlQ^l. 

(4) If \x'\ > 2r and x"^ > t, then 

\DllD''JDY'°uix,t)\ < cr''-'^-^"'°+''-^x-'°{\x'\^ + xl)-^t-2 . (5.9) 

Proof. By the uniqueness of the solution of the initial-boundary value problem, we have 
Dtu{x, t) = Jq /jgn-i K{x' — y\ Xn, t — s)Dsa{y', s)dy'ds. This implies 



DllD'jDru^x, 



t)= f f D'lD^JK,,{x' - y',xr„t- s)Dra{y', s)dy'ds. (5.10) 

Jo JIR"-i 
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n+fcp ^ n — 1 



Since t < (2r)^ from the estimate ([MD of Kij and (jl^D, and taking Oi := ^^ > ^ in 
(|5.5p . we have 

\DllD'jDru\x,t)\ 

^0 J\v'\<r 



^li+l~2mo I I „-\l\J „/|2 , 2 



'0 J\y'\<r 

^0 J\y'\<r 

cr°"^-'™°+"-\|xf+x2)^^/Q*5-5(x2+s)-^ds if |x'| >2r, 
< I (5.11) 

cr p Jo •* ^ V^n + ■s) 2 ds II |x I < 2r. 

Note that for 6'2 > 0, if x^ > t, then 

t pt 

s'-^ixl + s)^^2ds < C2;~2^2 / ^-i^g < cx~2«2^2, (5.12) 

JO 

and if xH < t, then 



Jo Jo Jxl 

{ct~^^+h for 02 < i, 

CT-2«2+i for ^2 > i, (5.13) 

cln(l + ^) for02 = i 

Taking 02 := ^'"+^"+^ > ^ in KWl - (f5J3]) and applying to the right hand side of (lnjTD „. 
we obtain the estimates (f5^ and (fSTT]) . And taking 6I2 := ^ > in (f5TT2]) - (f5?T3]) and 
applying to the right hand side of (JS.IIP ]^. we obtain the estimates (j5.8p and ()5.9p . D 

Lemma 5.3. Zei t < (2r)^ and Ix'l < 2r. Zei fco > 1. 

(^^^ For x'^ < t we have 

{ n-\-l __-] 

cr p ln(l + ^) iflo + ko = l, 
cr"~— "^xi-'^o-'o if lo + ko> 2. 

(^^^ For t < x'^, we have 



-li±l-l (ko+lo) 



1 



\D'jDtn{x,t)\ < '\l.%lZl _(„_,'!+,,). "'^ ; '' (5.15) 

I cr P Xn t^ Xn>r. 
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Proof. Since k^ > 1, we have 

\DllD^Ju\x,t)\ = \ f f D^?~^DllIUj{x' - y',xn,t- s)Dy.a{y' ,s)dy'ds\ 

Jo JR"-i 



. a-2+i-l 

< cr p 



-ts. 



{t-s)-Hxl+t-s)-^ 

J\x'-y'\<3r 

X {\x' -y'\'^ + xl + t-s 

cr""'^ W / s~^{xl + s)~^{\y'{'' + xf, + s) ^^~dy'ds. 

Jo J\y'\<3r 



n+fcp— 1 

2 dy (is 



(5.16) 



lO.,, /|2 2 n+fcp-l ^ 



Note that 



/ 



r3r 



jn-2 



\x'-y'\<3r dx' - y'|2 + a;^ + s) 



l^±E^dy' = c — ^ -^T^^dp 

2 JO ■ 



cixl + sy'f /^^ 



^n-2 



"0 



I c(x^, + s) 2 

[ c{xf, + s) 2 (^)"~^ r < Xn. 



(p2 + l)^^ 



Taking 02 := ^^i^ > ^ in (l5J2]l - ([ET3D , we obtain the estimates (f5l^ and (|ET5D . D 

Lemma 5.4. Lei t < (2r)^ and |x'| < 2r. Zei /q > 1- 

(^i j For x'^ <t we have 



\Dtu{x,t)\< 
(2) For t<xl, then 



cr 



cr 



^-iln(l + ^)ln(l + ;l-) ^//o = l, 
— "'xi-'" ln(l + ^) tflo>2. 



(5.18) 



\Dilu{x,t)\ < cr" "V ix-'otKx.„<r(a;„)ln(l + — ) + Xx„>r(xn)rx-i). (5.19) 



Proof. Decompose u^ by u* = u^ + u^, where 



u{{x,t) = -25, 



V 



D^^T{x' - y', Xn, t - s)a{y', s)dy'ds, 



ul{x,t) = A / Gij{x' -y',Xn,t- s)a{y',s)dy'ds. 



(5.20) 
(5.21) 
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First, we estimate -Di°„n*p Note that for x„ > 0, Dl^T = DtT - A^-iT in M^ x (Ooo), 
where A„_i = Ylk=i ^xu- Hence, if Iq > 1, then 



Cfe 

ft 



ft 
-26^ 



D[lu\{x, t) = -2d^j f I Z?if ^r(x' - y\ xn, t - s)a{y' , s)dy'ds 

Jo JK"-i 

/ / (A - A.„_i)I?^''^^^r(x' - y', Xn, t - s)a{y', s)dyds 

Jo JE"-i 

I I Dl°-^r{x'-y',Xn,t-s)Dsaiy',s)dy'ds 

Jo JR"-i 

2% f f D^^D^.^-^T{x' - y', x„, t - s)Dy^a{y' , s)dy'ds. 

Jo JM"-i 



-26ij 



n-\-\m\ \x\ 



Note that for each multi-index TTi, there is c(r7i) > Osuchthat \D'^T{x,t)\ < c(m)t 2 e~~2F. 
Hence, for t < (2r)^ and |x'| < 2r, we have 

\DI° u\{x,t)\<cr"-^~^ / (t-s) 2e W^^^dy'ds 



J\y'\<r 

+ cr p / / (t-s) ~e 2(t-s) dy'ds 

Jo J\y'\<r 

< cr''"—^^ / / s ^e^^W^dy'ds (5.22) 



'0 J\y'\<3r 
ft 
-\- cr p 

'\y'\ 



Q-ii+i-l 



/ / s 2 e ^1 dy ds 

Jo J\v'\<3r 



^ "+i 2 /" -ia -i^ a "+1 1 /" '0+1 ^n 

< cr p s '2 e '211 ds + cr p s '^ e '^"ds. 



10 JO 

^2 2 „ 

Note that e~^ < c(— + 1)~"2" for any m > 0. Hence, for x^ < t we have 

2 pt 

s^^e'^ds < c s~2 (x,^ + s) ~ds < cx^ "+ t2 < cx:^"^ r, 
JO 

/"* '0 + 1 _£i /■* _l, 2 \-il -/ /"^" -i /"* '0 + 1 

/s 2 e ^i! ds < c s 2 (x^ + s) 2 ds < cx„ °/ s ^ds + c s 2 ds 
Jo Jo Jo Jxl 

^ ( chi(l + ^) for/o = l, 
- \ cx-^o+i for Iq ^ I 

For x^ > t and a := y or a := -^^^, we have 

i^ 

Applying the above estimates to the right hand side of (j5.22p . we have for x^ < i 

, „; 4 , M I cr"^ ~~ Infl + -K-) for /n = 1, , , 

\Dllu\{x,t)\<} „^, 1 L, ^ (5-23) 

[ cr ~r x^^o+^ for /o > 2 
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and for x^> t 

2 2 

I ■ ^ n+1 o 7 r n 3;„ „ n + 1 -i i , -i a^n 

|Z)i«„ul(x,t)| < cr""~"\~'"+2e-^ +^"- — -i2;^'o+ie-^. (5.24) 

Next, we would like to estimate D^°^U2- Observe that J^„-i Gij{y' ,Xrt,t)dy' = for 
l<i<n, l<j<n— 1. Hence, 

Dt4(.x,t)= [ [ D'lG{x'-y\xn,t-s){a{y',s)-a{x',s))dy'ds. 







n-l 



From the estimate (j3.2p of Gjj, we have that for i < (2r)^ and |x'| < 2r 

pt p I / /I 
|4°4(^,t)l<cr""— 'W / ^ ^ ^ ^dt/'d^ 



Note that 



J\y'\<3r {t - s)2{\x' -y'P + xl + t- s)'2{xl + t- s)t 

+ r""^^ / / ^ ^ ^c^y'f^s 

Jo J\y'\>3r (^t - s)2 {\x' - y'\^ + xl + t - s)2 {xl + t - s)^ 

< cr-~"-^~' f [ ^:^ll_ _dy'ds (5.25) 

JO J\x'-y'\<5r 52 (|x' - y'p + a;2 + s) 2 (x^ + s) 2 

+ cr-°"^^ / / — ^ T^dy'ds. 

Jo J\x'-y'\>r s2 (|x' — y'^ + X^ + s) 2 (x^ + s) 2 
J\x'-y'\<5r (|x'-y'|2+x2+s)5'^^ " "" io (TT^T^'^^ 

= c / V -^+= _^^ ^tip (5.26) 

Jo (p2 + l)t ^ ^ ^ 

< cln(l + — ). 



And 



1 



-^dy'<c dp<cixn + rr\ (5.27) 

2 Jr (p + x/a;2 + s 2 



l^'-y'l>r (k'-y'|2+x2 +s)2 7^ (/3 + x/a^n + s) 

Applying the (j5.26p and (j5.27p to the right hand side of (|5.25p . we have 
\D^x^i^2{x,t)\ <cr"~T-i(x^.^<^(x„)ln(l + — ) + Xx„>r(xn)rx-i) / s-^{xl + s^-i ds. 

^ Xn ^ Jo 

(5.28) 
Taking 6*2 = | > ^ in (l5l2D and (f5J3]l . from ([528]), we have that for xl<t< {2rf 



iDio„4(x,i)i<<i ,_^_i. ^ ?^^ ^' . ; ; (5.29) 



cr"- — -Mn(l + ^)ln(l + -^) for /q = 1, 
cr~^ V ' ln(l + ^)xi^-'o for /q > 2, 

and for x\>t 

\D'sy2(x, t)\ < cr"-T-ix-'°a (x.„<.(x„)(l + In — ) + Xx„>r(xn)rx-i) . (5.30) 

\ Xji ' 

From (lOHl) . dLMD, (lOflll and ([QO]) . we obtain (l5l8D and (HH]). D 
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6. Estimates of solution in M" x (0,oo) 

Theorem 6.1. Let 1 < p < oo and < a < I. Let g = {g' , 0) G Bp'^"(]R"~^ x (0, oo)) with 
g{x', 0) = if a > -. Then there is a solution u of the Stokes system ()1.4p in M""^ x (0, oo) 
with boundary data g such that 



/ / {xnAt^yP+^'''>+^°+^"'°^P-^\Dl° D^'^D'^°u{x,t)\Pdxdt<c\\gf . 



x(0,oo)) 

(6.1) 



for ko + Iq + 2mo = 1, 2, 3. 



Proof. By Proposition l4.4|, it is sufficient to consider g whicli consists of tlie (a,p) atoms. For 
simplicity, assume gk = a6kj,j = 1, • • • , n— 1 for some atom a supported on A(0, r^) x (0, r^). 
We denote /3 = —ap + (ko + Iq + 2mQ)p — 1. Let u be defined by (j5.ip . Decompose the 
domain of integration into four parts so that 

4 

{xn A t^)'^\Dl^lD^^? Dp'u\Pdx'dxndt = Y^ li, 



Jo 



i=l 



where 



Ii= / / {xnAt-2f\D'lD^JDr°u\Pdx'dxndt, 

Jo Jo J\x'\<2r 



10 Jo J\x'\<2r 

l2= / / {xn/\t2f\D^^lD^^>D'P"u\Pdx'dxndt, 

J(2r)2 Jo J\x'\<2r 

f{2r)^ roo f 

l3= / / {XnAt^f\D'^lD^^?Dpu\Pdx'dXndt, 

Jo Jo J\x'\>2r 

roo /"OO r 

Ia= / / {xnAt2f\D^^^ D''JD'^"u\Pdx'dxndt. 

y{2r)2 Jo J\x'\>2r 

• Prom the estimate ()5.2P ]^. we have 

/4 < crP"-"-^+("+^)P / / / {XnAt-2)^ 

J(2r)2 Jo J\x'\>2r 

< C,P— l+(«+l)P r r(x„At^)/5t-(|+-0)p(^2^i)-^^^±%tMZ + .^^^^^^_ ^g^2) 
J(2r)2 JO 



Note that for 9i > —1 and 02 > o) we have 



^■00 /-t^ „ /"OO 



1 
J I I' 2 1 "^^ 

{Xn A t2)^i(x^ + t)-^2^X„ < t-^2 / 2:^^ic?a;„ + t^ I x'^^^dxr 
/O -'0 Vi^ 

= cr^2+^''i+i (6.3) 
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Hence, taking 9i := /3 > -1 and 62 := ("+^°+'°)P _ !lz^ > 1 in ([63]), from ^21, we have 
h < crP'^-"-i+("+i)P / t"^- " "2 " dt = c foia<ko + lo + 2mo and p>l. (6.4) 

y(2r)2 

• From the estimate (|5.2P r,. we have 



00 /"OO 



^(2r)2 Jo i|x'|<2r 
J(2r)2 Jo 

Hence, taking 61 := ^ > -1 and 6*2 := "+^°"^'° > i in (USD, we have 

J, < ,,P«-2+p(n+i) r t^^^^^^^dt = c. (6.5) 

J(2r)2 

• For the estimate of Ii, we divide the domain of integration so that 

/i = /ii + /i2, (6.6) 



where 



(2r)2 nti 

111 = / / / x^\Dl° D^?D]^°u\Pdx'dxndt, 



Jo J\x'\<2r 

^»(2r)^ /■OO 
Vti ./|x'|<2r 



h2= L t-^^\DllD'jD'^'>u\Pdx'dxndt. 

Jo Jt2 J\x'\<2r 



First we estimate I12. 
1). Let rriQ > 1. From the estimate (|5.7p we have 



/■(2r)^ /-cxD /■ 

JO Jt^ J\x'\<2r 

/>(2r)2 |.oo 

Jo Jt^ 

f(2r)^ n 

< cr°P-2-2'"oP / ^-^+mop^^ ^ ^ for a < 2mo + -. 

Jo P 
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2). Let mo = and ko >1. From the estimate (j5.15p we have 

Jo Jti J\x'\<2r 

/■(2r)2 />oo /> 
_^ ^^ap-n-l+{n-2)p / / ^_^^_(„_i+fco+/o)p^£^^,^^^^^ 

Jo Jr J\x'\<2r 

f{2r)^ j-r 

< cr"P-2-P / / ^ t^l^+2x-^'"^+^°^PdXndt 

Jo Jt^ 

/■(2r)2 /.(2r)2 

Jo Jo 

2 
= c for a < 1 H — . 

P 

5j. Zei mo = /cq = and /o ^ 1- From the esthnate (j5.19p we have 

lu < cr-P-n-l-p Ji^rf jr^^ Jj^^^^^^ ^/^^-'oP lnP(i + S_)tUx'dXndt 



<; ^j.ap--p' 



-2 f(20^ r; ,i/3+H -V 



JJ2.; J^^,i./3+f^-<0Pi^p(i + ^)rf^^^^, 



-2 r(2r)2 roo i/3+£ -(«o + l)p^ 



(6.7) 



Here 

/ / t^^+irE-('«+i)Pdx„(it = cr-('°+i)P+i / P^+idi = cr"" ^+2. (6.8) 

io Jr Jo 

Note that for < e < 1 there is a positive constant c(e) > such that for a > 

ln(l + a) <c(e)a'. (6.9) 

Hence, taking e > sufficiently small in ()6.9p (e < 1 H a), we have 

ji^r? jr^ a/'+f x„-'o^ln^(l + ^Jdx^dt < c{e) fi''^' /;. a/'^-f x„-'°^(^)^^dx„dt 

< c(e) /o^'^)' t^/3+f r^Pi-TP+M^Pdi (6-10) 

= c(e)r~°^"'~P+2, 

From dEZD, dSSD and (IU3U]) . we obtain 

/i2 < c. (6.11) 
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Second, we estimate In. 
1). Let mo > 1 and ko + Iq > 1. Then from the estimate ()5.6p ^ we have 



r(2rf pti /• 
111 < cr'^P-n~l~2m.0p / / / x^X~^^''+^'>^Pdx'dXndt 

Jo Jo J\x'\<2r 

l-{2rf 
< cr'^V-'i-'irn^V / i-^+mop^^ = C for « < ItXIq. 

Jo 

2). Let mo > 1 and k^ = Iq = 0. From the estimate (j5.6P n and taking e > sufficiently 
small in ()6.9p (^ < 2mo + ^ — a), we have 



J < ^^ap-n-l-2mop 



{2r)2 i-ti 



I / x'^lnP{l + —)dx'dxndt 

J\x'\<2r Xn 

1 

< c(e)r"P-2-2r«oP / / x^^J_yPdx^(it 

Jo Jo ^n 



l-(2rf 

< c(e)r"P-2-2"^oP / t-^+'^^Pdt = c(e). 

Jo 

3). Let mo = and ko>l,ko + lo>2. Then from the estimate (|5.14P n. we have 
hi < cr"P-"-^-P / / / xZx^^-''°-^°^Pdx'dxndt 

Jo Jo J\x'\<2r 

/.(2r)2 

< cr"P-^-P / t-^+2dt = c for a < 1. 

Jo 

4). Let mo = and /cq = 1. Then from the estimate ()5.14p ^ and (I6.9p ( taking e satisfying 
< I < 1 — a) , we have 



r-{2rf i-ti 



111 < cr"P-"^i-P / '' / / x^lnPil + ^)dx'dxndt 

Jo Jo J\x'\<2r ^n 

»(2r)2 fti 



/ / xii — yPdXndt 

Jo Jo ^n 

f{2rf 

< c(e)r"P-2-P / t-^+f(it = c(e). 

lo 



< c(e)r°P-2-P 

»(2r)2 
'0 
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5). Let iTiQ = ko = and Iq > 2. Then from the estimate (|5.18P o and (j6.9p (taking e 
satisfying 0<^<1 — Q),we have 



»(2r)2 fti 



111 < cr"P-"-i-P / / / x^xP,-^"P\nP{l + —)dx'dxndt 

Jo Jo J\x'\<2r ^n 

/■(2r)2 rt^ 

< c(e)r"P-2-P / / x^-^P-^"Pi—YPdxndt 

Jo Jo ^n 

f(2r)2 

< c(e)r"P~2-P / t-^+2r'Pt-^Pdt = c(e). 

Jo 



6). Let rriQ = /cq = and Iq = 1. Then from the estimate (JS.ISP ;^ and and (j6.9p (taking e 
satisfying 0<^<1 — a),we have 

hi < cr'^P-'^-^-P / / x^lnP{l + —)dx'dxndt 

Jo Jo J\x'\<2r ^n 

'■{2rf pa 



< c{e)r^P-^-P / / x^i—yPdxndt 

Jo Jo ^n 

< c(e)r"P-2-P / t^^+^r'Pt-^'Pdt = c(e). 

Jo 



'0 

From 1) to 6), we get that /n < c and hence with (|6.1ip and (I6.6p . we get 

/i < c. (6.12) 

• For the estimate of /a , we divide the domain of integration so that 

-^3 = -^31 + -^32, 
where 

/31 = / ' / / xi\D'^^DlWru\Pdx'dXndt, 

Jo Jo J\x'\>2r 

^»(2r)^ poo 
J A J\x'\>2r 

First, we estimate 1^2- From the estimate (I5.9P we have 

r>{2r)2 foo 

I 

x'\: 
Note that for 7 < — -^^M- and ^ > 0, we have 



p{2rY poo p 
132 =/ /, / t2^\D'lD^?D'^^'u\Pdx'dXndt. 

Jo Jt2 J\x'\>2r 



JO ^i^ J|x-'|>2r 



/ (|xf + ^2)7^^' <c r{p + Af^+^'-^dp < c{A + r)2^+"-\ (6.13) 

J\x'\>2r J2r 



20 TONGKEUN CHANG AND BUM JA JIN 

Taking 7 := _iIL_iL!£ and A := x.„ in (j6.13p . we have 

_^g^Qp-n-l-2mop+{n-l)p r{2r)2 roo ^ I/3+ ip^-(n+fco+«o)p+n-l^^ ^^ (6.14) 

< C. 

Now, we estimate /31. 

1). Let Iq ^ 1. From the estimate (IS.SP n- we have 



{2r)2 pth 



/3I < Cr"P-""l-2mop+(n-l)p / / / ^^^^2^^^^p^|^,|2^^2)^^p^^/^^^^^_ 

Jo Jo J\x'\>2r 

Taking 7 := - ("+^°)p < -l^ and A := x„ in (f6J3]l . we have 



r-{2r)2 /.ti 



Jo Jo 



'0 Jo 

< g^(a-2mo-fco-l)p-2 / ^ L^ dt = C. 

Jo 
2). Let /q = 1. From the estimate (jS.SP ]^. we have 

/31 < cr("-2™o)P-"-i+(""i)P / / / x^(|x'|2 + x^ )-^V^P lnP(l + -^)dx'dxndt 

Jo Jo J\x'\>2r ^n 

/.(2r)2 /.ti I- f 

< c(e)^(°-2mo)p-n-l+(n-l)p / / / x'^^\x'\-^''+''°'^P{ — YPdx'dXndt 

Jo Jo J\x'\>2r X^ 

(■{2rf fti f 

< c(e)r(°-2™o-'=o-i)p-2 / / x^(^_yPdx^dt 

Jo Jo ^n 



JO 

From 1) to 3) and (|6.14p . we get 

/3 < c. (6.15) 

Hence, from 1^^, ([631), (fOil) and (fOSD . we get ([61]). D 

Theorem 6.2. Lei T > 0. Let (3 > -1. Suppose that g G ^p'^(M"~i x (0,r)). T/ien 

T I- 

/ (x„At5)/5|n|Pdx'(ix„dt<cr"P+^+i||(7||P . 
Jwi Bp'^(R"-ix{0,T)) 

Proof. Without loss of generahty, we assume g G Bp"^ {W^ x M) (Otherwise, there is, 
q G ^b'^ (IK"~"^ X IR) so that gLn-iyfnr") = 9 and llqll q^ < c||fl|| „ s. ). 

By Proposition 14.4^ it is sufficient to consider g which consists of the (a,p) atoms (Note 
that we can even take atoms of g which are supported in M""^ x (— T, 2T)). For simplicity, 
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assume gk = a&kjij = 1, • ■ ■ ) ^ — 1 for some atom a supported on A(0, r) x (0, r^) C Bj-- 
Let u be represented by (jS.ip . Decompose the domain of integration into four parts so that 

/ / / {Xn/\t^)^\u\Pdx'dXndt = y2^i^ 

Jo Jo JR"-i ^^^ 



where 



h 



ri2rf 



Jo J\x'\<2r 

T roo 



(2r)2 JO J\x'\<2r 

/o Jo J\x'\>2r 

f-T foo f 



/(2r)2 JO J\x'\>2r 



{Xn A t2)^\u\^dx'dXndt, 
{Xn A t2)^\u\Pdx'dXndt, 

{Xn A t2)l^\u\''^dx'dxndt, 
{xn A t2)l^\u\^dx'dxndt. 



From the estimate (|5.2P -^ and (|6.13p ( taking 7 := — ^ and ^ := y^x^ + i ), we have 



f / / {xnM^Yt-^P{\x'\'^ +xi + t)~^dx'dxndt 

(2r)2 Jo J|a:'|>2r 
/■T fOO 
.P-n-l+Pin+1) I / ^^.^^^^|^/3^-ip(^2^^^^2^-ia. + Vdx„cii. 

(2r)2 Jo 



I4 < cr^°~'^~i+("+i)P 



< cr 



Taking 6*1 := /3 > -1 and ^2 := ^ - ^ > ^ in ([63]), we have 



L < cr' 



:pa-n-l+p{n+l) 



n+0-np 1 

t — 2 — r^Pdt 



' gj,pO + l 



J{2r)2 

for /3 < (n + l)p — n — 2 

g^pa-n-l+p(n+l)2^ 2 +1 for /? > (?1 + l)p - n - 2 

g^pa-n-l+p(n+l) j^^ _^ f^^ ^ = \n + \)p - n - 2 



pa + l+)3 

> < cT — 2 — 



From the estimate (|5.2P 2. we have 



pa— n— l+p(n+l) 



cT roo 



J^<CrP^-n-L+PKn+,) , I I {xnM2ft-^{xl + t)-'^dx'dXndt 

J(2r)2 JO J\x'\<2t 
pT f-oo 
^pa-2+pin+l) / ^XnAt2ft~2{xl+t)~'^dXndt. 

/(2r)2 Jo 



cr'^ 



Taking 6*1 := /3 > -1 and 02 := ^ > ^ in ([63]), we have 
h < crP"-2+p{«+i) / t 2 dt 

J{2r)2 

' crP"+^+'^ for /3 < (n + l)p - 3 

g^pa-2+p(n,+l)2-^ +1 for ^ > (^ + l)p _ 3 

g^pa-2+p{n+l) 1j^ _^ for /3 = (n + l)p - 3 



pa+l + /3 

V < cT — 2 — 
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• For the estimate of /i , we divide the domain of integration so that 

/l=/ll+/l2, 

where 

Ill = / / / x^\u\''^dx'dxndt, 

Jo Jo J\x'\<2r 

r-{2Tf r-co r- ^ 

lu = 1 t"^\ufdx'dxndt. 

Jo Jn J\x'\<2r 

From the estimate (15.711 we have 



/i2 < cr'^P-''-^ 



/ 1 t2Xn^t'2dx dXndt 

Jo Jt2 J\x'\<2r 



(2r)2 roQ 

12 

-\x'\<_ 

(2r)^ 




From the estimate (jS.SP a and ()6.9p . we have 

/ii<cr"P-"-W / / x^lnP{l + -j)dx'dxndt 

Jo Jo J\x'\<2r ^n 



l\x'\<_ 
r{2rf rti . 

< c{e)r"P-^ / / x^i^yPdxndt 

Jo Jo ^n 

K2r)2 



pa+l+P 



Jo 
• For the estimate of I3, we divide the domain of integration so that 

-^3 = -^31 + -^32, 
where 

/31 = / / / x^\u\Pdx'dxndt 



JO J\x'\>2r 

132= L t2P\u\Pdx'dxndt. 

Jo Jt^ J\x'\>2r 

From the estimate (j5.9p we have 

r{2r)^ r-QO r- „ 

/32 < cr"P-"-i+("-i)P / I / ti{\x'\^+xl)-'^t^dx'dxndt. 

Jo Jt^l J\x'\>2r 

Taking 7 := — ^ < — ^^ and A := x„ in (|6.13p . we have 

r{2r)^ j-oo „ 

I32 < cr"P-"-i+("-i)P / I t2{xl + r^y'^+^t^dxndt 

Jo Jt^ 

r(2r)^ 

< cr^P-^-P / t^dt = ctP^+^+^ < cT'^'^i^ . 
Jo 
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From the estimate (jS-SP g we have 



»(2r)2 rf2 



Jo Jo J\x'\>2r 

Taking 7 := — ^ < — -^^ and A := x„, in (16.13^ . we have 

hi < cr"P-"-^+("-i)P / / x^+P(x„ + ryP+^-^dXndt 

Jo Jo 



Jo 



D 



7. Proof of Theorem 11.61 
Theorem 1 1 . 1 1 will be obtained by combining Theorem 1 7 . 1 1 b elow and Proposition 13.11 

Theorem 7.1. Let 1 < p < 00 and < a < 1. Let g = {g',0) G i3p'^"(M'"-i x (0,oo)). 
Let r > 0. Then there is a solution u of the Stokes system (jl.4p in M""-*^ x (0, c«) with 
boundary data g such that 

\W\\ „4.i i„+i <c(T)\\g\\ ,^ . (7.16) 

Proof. Let T > and 1 < p < 00. Let g G ^p'^"(M"-i x (0,r)). Let < a < 1 - i. From 
Lemma |4. II we have the following estimate. 

Il^ll^ ^11^1 < [ [ ixr,At-2r-P"-'\D^u\P + {xnAt'2fP-P''-^\Dtu\P 

Bp "'^ ^(R!f:x{0,T)) ^0 JrI 



By Theorem l6.lt we have 

/ / (x„At5)P"P""i|D^u|P + (x„At^)2p-P"-i|Aur<c||(7||P 1 
Jo Jul ep'^°(R"-ix(0,T)) 

By Theorem 16.21 we have 

rT f 

/ (x„Ai5)P-P"-i|n|P+(x„At5)2p-P"-i|^|Pdx(it<c(ri+rP)||gf 1 

Therefore, we conclude that for < a < 1 — - 

II II ^ ^ fT'\ II II 

b;^^'^"+*(K"x{o,t)) ~ ^"^"e;'^"(R"-ix(o,r))' 
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Let 1 — - < a < 1. From Lemma 14.21 we have the following estimate. 



I IIP 
\u\\ 



'p'^^+^i 



?f:x(o,T)) 

r-T 
< C 



:[ f ixnAt-2fP-P''~^(\Dlu\P + \Dtu\P) + ixn/\t-^r\D.,Dtu\P 
Jo Jwi^ ^ 

+ {xn A ti)3p-P"-i|D^u|P + (x„ A t^fP-P'^-^lulPdxdt. 
By Theorem 16.1 1 we have 
/ / {xr,At-2fP-P''-'(\Dlu\P + \Dtu\P + {xnAt'^r\D^.Dtu\P)<c\\gf , 

Jo JR" ^ b"'^"(R"-1x 



Note that 

/ / (x„ A t^)3p-P"-i|D^u|P + (x„ A t^fP-P'^-^\D^u\P + (x„ A t^fP-P'^-^\D.^u\Pdxdt 
Jo Jm^ 

< [ [ TP{xn At^fP~^''~^\Dtu\P + {TP + T^P){xn At^2)P-P''-^\D^u\Pdxdt. 
Jo Jri 

Hence by Theorem 16. H we have 

T I- 

/ {xn A t5)3p-P°-i|Dju|P + {xn A i^)2p-P"-i|Z)^n|P + (x„ A t^fP~P''~^\D.^u\Pdxdt 

Jr'I 

<c{TP + T^P)\\g\\P 1 

i3p'^"(M"-ix{0,T)) 

From Theorem 16. 2| we have 

[xn A t2 )2P-P°- Vrdxdt < CT'^P\\g\\^ 1 



1, 



/o 
Therefore, we conclude that for 1 < a < 1 

For a = 1 , we use the real interpolation. D 
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